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Abstract The reported research is concerned with the prop-
erties of the new LBET class models designed to describe
the heterogeneous adsorption on microporous carbonaceous
materials. In particular, the new adsorption models were ap-
plied to a computer analysis of the microporous structure of
two active carbons on the basis of argon and benzene ad-
sorption isotherms. This paper provides for more thorough
information on the properties of the proposed models and
identification technique presented in the earlier papers.
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Abbreviations
mp Amount of adsorbate
mhA Number of primary sites
θkj Coverage ratio of j th layer at kth type

clusters
θ Coverage ratio of the layers above the first

layer
π Relative pressure
α Geometrical parameter of the porous

structure
β Pore shape parameter
BAk,Bf k Energy parameters
Qcp Molar adhesion energy in ideal

adsorbent-adsorbate contacts
QA First layer adsorption energy

QL = QA/RT
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R Gas constant
T Temperature
Zf θ Averaged value of upper boundary

parameter of the distribution function
range

Zf k Distribution function range
VhA Volume of the first adsorption layer
ZA,ZC Correction factors of energy
wid Identifiability index
σe min and σe opt Standard deviation error of the best fitting
σe opt Sequence of increasing deviation error of

the ten well fitted models

1 Introduction and theoretical basis

Carbonaceous microporous materials are the adsorbents
used most widely in a variety of industrial applications ow-
ing to their good adsorption capabilities for many vapors
and gases. The use of carbonaceous materials requires their
characterization, which includes, among others, description
of microporosity and energetic heterogeneity (Rodrıguez-
Reinosou and Molina-Sabio 1998). Many approaches to a
description of the adsorption process have been proposed
in the literature, and a number of techniques, ranging from
simple to more advanced, have been derived to character-
ize microporous materials (Rudziński and Everett 1992).
The primary methods for the characterization of a variety of
porous materials, e.g. activated carbons, are gases or vapors
adsorption techniques based on determining experimental
adsorption isotherms (Sing 2001; Aranovich and Donohue
2000; Storck et al. 1998; Jaroniec et al. 1989; Gil 1998).
Several different equations have been proposed to describe
the adsorption equilibrium, among which the most popu-
lar are: the Dubinin–Radushkevich equation (Dubinin 1960,
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1989), the Dubinin–Astakhov equation (Dubinin and As-
takhov 1971; Gil and Grange 1996), and the BET equation
(Gregg and Sing 1967; Gomez-Serrano et al. 2001). The
development of computer science and the improvements in
computational technology have triggered the development
of more advanced methods of pore structure description
(Rudziński and Everett 1992; Puziy et al. 1997), based on
sophisticated numerical tools (Puziy et al. 1997), statistical
mechanics (Sánchez-Montero et al. 2005; Cao et al. 2002),
computer simulations (Nicholson 1994; Suzuki et al. 1996),
the DFT theory (Ryu et al. 1999), fractal geometry (Erdem-
Senatalar et al. 2000) and neural networks (Shahsavand and
Ahmadpour 2005).

Although ranges of advanced methods are available, the
obtained results are still unsatisfactory. Therefore there is
still a need to improve and develop simple and reliable meth-
ods of their characterization. A new group of models was
created, based on the previously elaborated sorption theory
(Milewska-Duda et al. 2000; Duda et al. 2005a). This new
theory is based on the observation that the surface structure
and adsorption energy distribution of irregular microporous
materials cannot be determined reliably, but evaluated only
by multilateral verification of alternative models of the sim-
plest possible form. In order to achieve this, the original
mathematical models, based on the fundamental law of ther-
modynamics and employing simple adsorption energy were
developed (Duda et al. 2005a, 2005b).

The proposed models provide for reliable information
on the microporous structure and its capacity based on the
empirical adsorption isotherms of vapors and gases. These
models consider the adsorption process as the formation
of clusters the size of which is limited by pore geometry.
The set of adsorbed molecules which have mainly been ad-
sorbed due to adhesive interactions with the adsorbent sur-
face is taken into account as the first adsorption layer in
the proposed models. The adsorption of further molecules
is viewed as creating the second, the third, and successive
adsorption layers.

In the presented mathematical tool, there is a distinc-
tion between two types of adsorption models. The first type
refers to the adsorption systems in which the number of lay-
ers in a cluster is limited due to the expansion of the ad-
jacent clusters. The second type describes the systems in
which the limitations in the number of layers in a cluster re-
sult from the geometry of pores. According to these models,
each cluster starts from a simple molecule. Consequently
only one primary adsorption site on the surface can begin
the clusterization process. The groups of molecules based
on two or more primary sites are treated by these models as
independent clusters. This simplification does not take into
account the fact that the creation of the considered cluster is
determined by the presence of other clusters.

Upon derivation of the general formula of the model,
hereinafter referred to as LBET class model, the following

assumptions were taken into account (Duda et al. 2005b;
Kwiatkowski 2007a):

(a) The layers above the first layer are homogeneous, and
energy parameters BC are the same for all layers above
the first layer:

BC
def= exp

(
QC

RT

)
,

(1)
QC

def= Up(1 − 2 · Zpp) − ZC · Qcp,

where Qcp is the molar adhesion energy in ideal
adsorbent-adsorbate contacts, Up is the molar cohesion
energy of adsorbate, and Zpp,ZC are the correcting fac-
tors.

(b) The number of primary adsorption sites is expressed by
the formula given below:

mhAk = mhA(1 − α)αk−1, α ∈ 〈0,1), (2)

where α is the geometrical parameter of the porous
structure, mhAκ is the amount of κ type primary sites
[mmol/g], and k is the cluster type.

(c) The first layer adsorption energy is expressed in the fol-
lowing form:

QAκ = Up − ZAκ · Qcp,
(3)

QA
def= Up − ZA · Qcp = min

k=1
(QAκ),

where ZAk is the factor uniformly distributed over a
range depending on k, κ counts kth type clusters of iden-
tical energy profile across the layers n = 1, . . . , k,QA is
the first layer adsorption energy, QAκ is the molar en-
ergy contributed by placing an adsorbate molecule on
the first layer of κ th class clusters, ZA is the correcting
factor of effective adsorbent-adsorbate contact.

(d) The distribution function related to the energy parameter
BAκ ∈ (BAk,Bf k) is:

BAk
def= BA · (Bcp)ZA(1−ζAk),

Bf k
def= BA · (Bcp)ZA(1−ζf k), (4)

fk(BAκ) = mhAk

ln(Bf k/BAk)

1

BAκ

,

BA
def= exp(QA/RT ), Bcp

def= exp(Qcp/RT ), (5)

where the energy parameters BAk and Bf k do not de-
pend on k.

(e) The coverage ratios θkn are the same for all layers above
the first layer.

The heterogeneous adsorption LBET class model derived
using the above assumptions has the following mathematical
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form (Kwiatkowski 2007a):

mp

mhA

= (1 − α)

{
1 − 1

ln(BA/Bf 1)
· ln

(
BA + π

Bf 1 + π

)}

+d · α(1 − α)(1 + βθ2)

×
{

1 − 1

ln(BA2/Bf 2)
ln

(
BA2(1 − θ2)

β + π

Bf 2(1 − θ2)β + π

)}

+αd+1
[
d + (βθ)d

(
1 + βθ

1 − αβθ

)]

×
{

1 − 1

ln(BA2+d/Bf θ )
ln

(
BA2+d(1 − θ)β + π

Bf θ (1 − θ)β + π

)}
,

(6)

where mp is the amount of adsorbate, mhA is the number
of primary sites, θkj is the coverage ratio of j th layer at kth
type clusters, θ means the coverage ratio of the layers above
the first layer, π is the relative pressure, α is the geomet-
rical parameter of the porous structure, β is the pore shape
parameter β ≥ 1, and BAk,Bf k are the energy parameters:

BAk = exp

(
QAk

RT

)
, Bf k = exp

(
Qf k

RT

)
. (7)

The model (6) is directly applicable to the energy distri-
bution of h = 1,2 (See: Kwiatkowski 2007a, 2007b). For
h > 2, the following simplified formulas were elaborated to
obtain Bf k = Bf θ (Duda et al. 2005b; Kwiatkowski 2007a):

Bf θ
def= BA exp

(
(Qcp/RT ) · (Zf θ − Zf ∞)

)
,

(8)

BA
def= exp

(
QA

RT

)
,

where Qcp is the molar adhesion energy in the ideal
adsorbent-adsorbate contacts, QA is the first layer adsorp-
tion energy (QL = QA/RT ),R is the gas constant, T is
the temperature, and Zf θ denotes an averaged value of the
upper boundaries Zf k of the distribution function range.

The LBET models have five adjusted parameters: VhA,
QA,α,β,BC and optionally Zf ∞. For the first type adsorp-
tion θ = Π∗ = Π∗∞, where (Duda et al. 2005b; Kwiatkowski
2007a):

Π∗ def= π

BC(1 − θ)β−1
, (9)

therefore simplifications are unnecessary. However, for the
second type the following averaging formula was found to
be appropriate (Kwiatkowski 2007a, 2007b):

θ = Π∗
(

1 + wH Π∗

1 + Π∗

)
,

wH = α(1 + α − α2)

2 − α
for d = 0, (10)

wH = 2 + α

3(2 − α)
for d = 1.

To avoid numerical problems, multivariant identification
procedure was proposed, with a subset of parameters be-
ing fixed in each variant (Duda et al. 2005b; Kwiatkowski
2007a).

2 Numerical calculations

The purpose of the numerical analysis and calculations was
to verify the LBET class adsorption models and to test
their applicability to the analysis of empirical adsorption
isotherms. The research was divided into two stages. In
the first stage, numerical investigations of the multivari-
ant identification procedure were carried out. The adsorp-
tion isotherms were generated using the LBET formulas
for the relative pressure values π ranging from πmax = 0 to
πmax = 0.91 and with adequate energy and structural para-
meters taken from the literature. Next, the parameters were
identified using the full set of variants of the five- parame-
ters LBET formulas with fixed values of the system parame-
ters and a selected energy distribution variant. In the second
stage, the proposed multivariant identification of adsorption
systems, based on the fitting of the five- and six-parameters
LBET class models, was found to be useful for an analy-
sis of empirical isotherms Ar–1P (Klinik 1994) and C6H6–
WA1 (Choma 1983) taken from literature. The fitting was
done using a typical constrained optimization procedure-
minimizing the fitting error dispersion σe. The following
parameters were adjusted: VhA-volume of the first layer, α,
β-geometric parameters of the porous structure, ZA and
ZC -correction factors used to calculate QA,BC and op-
tionally Zf ∞. The reliability of identification was as-
sessed on the basis of residual dispersion σe and rela-
tive errors of parameters calculated for all 30 variants. To
enable the final choice of the best variant, the detailed
results were presented for the three best fittings. More-
over, ten well-fitted variants out of the thirty ones were
treated as the acceptable ones. In order to get a syn-
thetic measure of the identification uncertainty, the fol-
lowing identifiability index wid was defined (Kwiatkowski
2007a):

wid = 1 − σe min
1

10

∑10
opt=1 σe opt

, (11)

where σe min and σe opt express the error dispersion of the
best fitting and the sequence of increasing dispersion error
of ten best fitted models. The identifiability index is a fac-
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Fig. 1 The multivariant identification results for an isotherm generated by the LBET class model (Type 2, d = 0, η = 0, h = 3) and fitted by the
LBET formulas

tor specific for this method and it provides for information

regarding identification uncertainty. For example, where ten

acceptable solutions differ considerably from one another at

low fitting error values, it can be assumed that the best fit-

ted variant may not be the one closest to reality. The higher

the index, the better reliability of the determined parame-

ters.

The obtained calculation results were presented in Ta-

ble 1 and three best fittings for all analyzed adsorption sys-

tems were presented on Figs. 1 though 12 in full detail to
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Fig. 2 The multivariant identification results for an isotherm generated by the LBET class model (Type 2, d = 1, η = 0, h = 3) and fitted by the
LBET formulas

show the relations between the fitting error dispersion and
the system parameter evaluation uncertainty. The relative er-
rors of the parameters determined for the best fitted vari-
ants are compared to those obtained with other acceptable
variants. The first column of the first row shows the fitting
isotherm marked by circles “o”. The solid line “—“presents

a theoretical isotherm calculated with the uLBET model
(Duda et al. 2005b; Kwiatkowski 2007a) with the parame-
ters of the best fitted variant of the LBET model. The second
figure in this row includes a grey bar diagram of the devia-
tion error of the fitting with different variants of the LBET
model. The red bold “o” refers to the best fitted variant. Next
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Fig. 3 The multivariant identification results for an isotherm generated by the LBET class model (Type 1, d = 0, η = 0, h = 7) and fitted by the
LBET formulas

“+” and “*” mean the second and third best fitting. The value

of the index wid is shown there as well. The more diversi-

fied heights of individual bars and the bigger the differences

between the lowest bar and the remaining bars, the better

identity of the adsorption system. In this case, the factor wid

has is high, as mentioned above. The third figure in the first

row shows the values of the most important structure para-

meter, i.e. monolayer capacity VhA ∼ mhA, obtained in in-

dividual variants (grey bars). The three best fitted variants

were marked in the same way as in the previous figure. The
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Fig. 4 The multivariant identification results for an isotherm generated by the LBET class model (Type 1, d = 1, η = 0, h = 7) and fitted by the
LBET formulas

figures in the second row present diversification of the LBET

model parameters obtained in ten good fittings. The symbol

“o” means the optimum fitting parameters, “*”, “+” means

the second and third best fittings, and “x” marks the seven

remaining acceptable fittings. They were presented in pairs

in the rectangular coordinate systems. The third row of fig-

ures shows three best fittings of the LBET models. The dia-

gram captions include the symbol of the adsorption system,

and the number of the LBET model variant was divided by

a slash. In the lower part of each diagram, the value of the
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Fig. 5 The multivariant identification results for an isotherm generated by the LBET class model (Type 2, d = 1, η = 1, h = 7) and fitted by the
LBET formulas

fitting quality measure σe is given. In the fourth row, the en-

ergy distributions corresponding to the respective previous

subfigures are shown. The vertical lines represent the value

of the adsorption energy on the second and successive lay-

ers.

3 Discussion of the obtained results

An analysis of the results presented in Figs. 1–8 and listed
in Table 1 allows one to claim that in the case of data
generated with the LBET model and recognized with the
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Fig. 6 The multivariant identification results for an isotherm generated by the LBET class model (Type 1, d = 0, η = 0, h = 9) and fitted by the
LBET formulas

same LBET class models good identification indices are

obtained. In the most cases the adsorption type is recog-

nized correctly. Nevertheless, the heterogeneous type is not

recognized in a satisfactory way. However, it should be

taken into account that the LBET models constitute certain

simplifications of the uLBET models presented in the ear-

lier papers (See: Kwiatkowski 2007a). The aim of those

simplifications was to obtain a significant decrease in the

calculation time, which unfortunately lowered their accu-

racy.
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Fig. 7 The multivariant identification results for an isotherm generated by the LBET class model (Type 1, d = 1, η = 0, h = 9) and fitted by the
LBET formulas

In the case of an analysis of the Ar–1P (77.5 K) ad-
sorption system using the five-parameter LBET class mod-
els (Fig. 9), very precise calculations of VhA parameter by
all the fitted models are obtained. However, the identifia-
bility index wid is very low (wid = 0.06), which points to
low identifiability of the discussed system-probably, due to

a relatively small accuracy of empirical data. In the case
of using the six-parameter LBET class models (Fig. 10)
an insignificantly higher value of the identifiability index
was obtained (wid = 0.09) in comparison to the analysis
carried out using the five-parameter LBET models (wid =
0.06). In both cases the same second type of adsorption
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Fig. 8 The multivariant identification results for an isotherm generated by the LBET class model (Type 1, d = 1, η = 1, h = 9) and fitted by the
LBET formulas

was recognized and the same variant of LBET model was

best fitted. It can be concluded that the surface of the

analyzed adsorbent is homogeneous with the uniformly

distributed energy, and the size range of micropores is

wide.

The results for another analyzed system C6H6–WA1

(293 K) presented in Fig. 11 show that the adsorption system

is characterized by a low identifiability index (wid = 0.05).

It should be noticed that the values of parameters calcu-

lated for all best fittings are similar, which points to high
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Table 1 A comparison of the detailed results of calculations for isotherms generated by the LBET class models and fitted by the five parameters
LBET formulas

Nr The model wid Parameters obtained The best Parameters of the best fitting

generated for the first best- fitted variants

data fitted variants variants

−QA BC ZA T d η h α β σ103

1 Type 2

d = 0 0.42 7.06 2.20 0.46 1st 2 0 0 2 0.58 1.10 0.0051

η = 0 2nd 2 0 0 5 0.33 1.10 0.0053

h = 3 3th 1 0 0 2 0.60 1.00 0.0059

2 Type 2

d = 1 0.47 7.11 2.19 0.47 1st 2 1 0 3 0.45 1.21 0.0042

η = 0 2nd 1 0 0 5 0.39 1.00 0.0042

h = 3 3th 2 0 0 7 0.22 1.25 0.0051

3 Type 1

d = 0 0.58 6.90 1.07 0.47 1st 1 1 0 5 0.37 1.02 0.0038

η = 0 2nd 1 1 1 7 0.52 1.19 0.0046

h = 7 3th 1 0 0 9 0.36 1.07 0.0065

4 Type 1

d = 1 0.38 5.71 2.06 0.43 1st 2 1 1 5 0.69 1.13 0.0082

η = 0 2nd 2 0 0 9 0.46 1.01 0.0089

h = 7 3th 2 0 0 5 0.48 1.04 0.0096

5 Type 2

d = 1 0.40 6.14 2.45 0.45 1st 1 0 0 5 0.39 1.04 0.0047

η = 1 2nd 2 0 0 2 0.50 1.21 0.0056

h = 7 3th 2 0 0 3 0.32 1.02 0.0067

6 Type 1

d = 0 0.48 6.34 2.19 0.45 1st 1 0 0 7 0.49 1.25 0.0054

η = 0 2nd 1 1 0 5 0.43 1.04 0.0057

h = 9 3th 2 0 0 7 0.34 1.25 0.0067

7 Type 1

d = 1 0.58 6.97 1.08 0.47 1st 1 1 0 9 0.34 1.00 0.0040

η = 0 2nd 2 1 0 7 0.87 1.16 0.0057

h = 9 3th 1 0 0 9 0.91 1.25 0.0062

8 Type 1

d = 1 0.33 6.10 1.19 0.44 1st 1 1 0 5 0.39 1.01 0.0072

η = 1 2nd 1 0 0 3 0.46 1.03 0.0085

h = 9 3th 1 1 1 5 0.69 1.20 0.0085

system identification reliability. Moreover all three best fit-

tings recognized the same second type of adsorption model,

which points to the occurrence of geometrical limitations

for cluster growth in the analyzed adsorption system. In this

case it can also be observed that the adsorption energy dis-

tribution in the pores with similar molecular sizes is almost

homogeneous. In the case of using the six-parameter LBET

class models to analyze the C6H6–WA1 (293 K) adsorption

system (the results of which are shown on Fig. 12), slightly

smaller identifiability index was obtained (wid = 0.04), but

as in previous adsorption system in all three best fittings

the same second type of adsorption was recognized. What

is more, identical structure parameters were obtained (α =
0.17, β = 1.25), which shows that despite low wid value the

system was identified correctly. This example perfectly de-

picts the idea behind presenting three best fittings. Other-
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Fig. 9 The best results of application of the five parameters LBET class models to the analysis of Ar (argon) adsorption isotherm on the active
carbon 1P (77 K)

wise, if the values of the parameters obtained for three best

fittings, with insignificant differences in the fitting error it-

self, differed considerably, the system would be identified

incorrectly, i.e. it would not be known which of the three

best fittings is closest to reality.

4 Conclusion

The above results show that the LBET class models give bet-

ter insight into the adsorption mechanisms and the structure
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Fig. 10 The best results of application of the six parameters LBET class models to the analysis of Ar (argon) adsorption isotherm on the active
carbon 1P (77 K)

of pores. The LBET models provide for semiquantitative in-

formation on pore structure, adsorbate clusterization mecha-

nisms and surface energy distribution and may be well fitted

to different adsorption data in a wide pressure range. The

LBET formulas can be recommended for use directly in the

adsorption system identification procedures. The fitting of

the LBET class models also provides for information on the

properties of adsorbate clusters deposed in the material. Ad-

ditionally, it enables deducing the properties of pore struc-

ture.
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Fig. 11 The best results of application of the five parameters LBET class models to the analysis of C6H6 (benzene) adsorption isotherm on the
active carbon WA1

The procedure of multivariant identification of adsorp-
tion systems based on fitting LBET class models to either
empirical or simulated data, with the surface energy distri-
bution structure being presumed in each variant, enables to
avoid numerical problems caused by a large number of the

system parameters to be determined. Moreover, an analy-

sis of the three best and seven acceptable fittings provides

for information regarding not only the value of the obtained

structure parameters, but also on the reliability of their de-

termination.
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Fig. 12 The best results of application of the six parameters LBET class models to the analysis of C6H6 (benzene) adsorption isotherm on the
active carbon WA1

To sum up, the proposed approach to the examination of
microporous structure may be considered an alternative for
the classical techniques and more complex methods. How-
ever, this requires a more thorough understanding of the
theoretical grounds for these models and of the methodol-

ogy of interpreting results. Still, the effects are worth the
effort.
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